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Propagation of Harmonic Waves in Composite Circular
Cylindrical Shells. Part II: Numerical Analysis

ANTHONY E. ARMENAKAS*
Polytechnic Institute of Brooklyn, Brooklyn, N. Y.

The frequency equation for harmonic waves with an arbitrary number of circumferential
nodes traveling in composite traction-free circular cylindrical shells established in the first
part of this investigation has been programmed for numerical evaluation on an IBM 7094
digital computer. The numerical results obtained are employed in evaluating the effect of
the changes of the shell parameters on the frequency and shape of the first few modes of wave
propagation. Moreover, the asymptotic limits of the phase velocities for waves having short
axial wavelengths are established analytically and verified by the numerical results.
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Nomenclature t
= radius of the middle surface of the outer layer
== inner radius of the shell
= outer radius of the shell
= outer radius of the inner layer
— thickness of inner and outer layer, respectively
= ratio of the thickness of the inner layer to the

thickness of the outer layer
— axial, tangential and radial components of

displacement
— nondimensionalized wave number in the axial

direction
= axial half -wave length
= number of circumferential waves
= circular frequency
= velocity of propagation of dilatational and of

shear waves, in an infinite medium, respec-
tively

— nondimensionalized frequency
— Young's modulus and shear modulus, respec-

tively
= density ratio
= stiffness ratio
= radial wavenumbers, see Eq. (1)

oiiPi — modulus of cti and pi, respectively
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spectively.
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Introduction

IN the first part of this investigation,1 the frequency equa-
tion has been derived for harmonic waves with an arbi-

trary number of circumferential nodes traveling in com-
posite traction-free circular cylindrical shells. The com-
posite shells consist of two-concentric circular, cylindrical
shells bonded at their interface. For given physical and
geometric properties of the shell, the frequency equation
constitutes a transcendental relation between the nondimen-
sionalized frequency 0; = (co/^p;1/2/7rMi1/2) (i = 1,2) the non-
dimensionalized wave number f = hz/L and the number of
circumferential waves n. For any chosen value of n and
hz/L, the frequency equation yields an infinite number of
values of Ot.

In the second part of this investigation, the frequency
equation has been programed for numerical evaluation on an
IBM 7094 digital computer. The program computes the
value of the determinant at a specified initial value of Q2 and
at values of Q2 incremented by A£22. A root is indicated by a
change jof sign of the_ determinant between two successive
values 02 and 02 +_ A122. The increment is then halved, and
commencing with 02, the process is repeated until the root is
established to the desired accuracy. Subsequently, starting
with a new value of £22 obtained by adding a specified incre-
ment to the established root, the program continues to estab-
lish any number of successive roots desired. The program
can also evaluate the amplitude of the displacement com-
ponents ur and uz for axisymmetric nontorsional motion at a
specified number of points across the thickness of the shell.

The numerical results obtained are employed in evaluating
the effect of the changes of the shell parameters on the fre-
quency and shape of the first few modes of wave propagation.
Moreover, the asymptotic behavior of the frequency lines
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nondimensionalized frequency 122 arid wave number f as

Fig. 1 O-f plane showing sector lines for the case

has been investigated analytically and verified by the nu-
merical results. It is shown, that the phase velocity of at
most the first two modes, approaches asymptotically that of
the Rayleigh waves in the two materials, and that the phase
velocity of one mode (the second or third), may approach
asymptotically that of Stoneley waves traveling at the inter-
face of the two materials. All other modes approach asymp-
totically the least shear wave velocity in the two materials.

Asymptotic Limits of the Phase Velocity
of Waves Having Short Axial Wavelengths

The frequency equation established in Ref. (1) is a 12 X 12
determinant whose terms are polynomials involving Bessel
functions with arguments which are multiples of the radial
wave numbers 0.1 and fa, defined by Eq. (11), in Part 1.
These radial wave numbers may be rewritten in terms of the

Longitudinal shear and.
plane strain coincide

Longitudinal shear and
plane strain coincide

0.5

Fig. 2 Cutoff frequencies as functions of the stiffness
ratio.

- 1] (i)
The radial wave numbers may be either real or imaginary,
depending upon the relative magnitude of $2 and f. If a»
or fa is real, the corresponding Bessel functions involved in
the terms of the frequency determinant are Jn and Yn func-
tions. If oil or /3i is imaginary, the corresponding Bessel
functions are /„ and Kn functions. It is evident, therefore,
that the character of the frequency equation will change
when oii or fa changes from real to imaginary, or vice versa.
Thus, the £22-f plane may be divided into five sectors (Fig. 1),
by the following sector lines

= o(f = 1,2) (2)

In each sector, the frequency lines are derived from the same
frequency equation.

In the 122-f plane, the slope of a line from the origin to any
point on a frequency line is the phase velocity, nondimen-
sionalized with respect to v<&, whereas, the slope of the tangent
at any point on the frequency line is proportional to the
group velocity. As the axial wave-length decreases, the
phase velocity (v/v& = &/f) of the various modes approaches
asymptotically certain finite limits. Thus, the arguments
of the Bessel functions increase as f increases and, conse-
quently, the Hankel approximations of the Bessel functions
of large arguments may be employed.

. . . ,2V' 2 / 7T > - , , , ,
*»(«) = ( — ) cos( z ~ 4 - 7T ) 7»(3) =

/ \ *

(3)

/2
- -

For waves with small axial wavelengths, as compared to their
circumferential wavelength (f ^> hzn/ZirR), the effect of the
latter on the frequency is negligible. It can be shown, that
as f -> oo the frequency determinant [Eq. (20) Part I] de-
composes into the product of two determinants

= 0 (4)

where DI and Ds are given in Part I by Eqs. (24) and (25).
They are the frequency determinants of axisymmetric non-
torsional and torsional modes, respectively. Thus, as f ->• oo
some of the frequency lines of the nonaxisymmetric modes
(n ^ 0) will converge to those of the axisymmetric non-
torsional modes, whereas, the others will converge to those
of the torsional modes.

In can be shown, that as f ->• oo y all frequency lines are in
Sectors I and II. Consequently, it is necessary to examine
equations DI = 0 and D3 = 0 solely in these two sectors in
order to establish the limiting values of the phase velocity
of the various modes. Sector I is bounded by the sector
line fa = 0 if #22 > ^21, or by the sector line fa = 0 if #21 >
#22. In this sector, for large values of f, Eq. D3 = 0, reduces
to

0 (5)

This equation cannot be satisfied for positive values of ju,
consequently, it is concluded that for large values of f the
frequency equation Z>3 = 0 does not have any real roots in
Sector I.

For large values of f, equation A = 0 degenerates hi Sector
I into the product of three determinants

X D6 X = 0 (6)
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(8)

(7»y are the limits as f -> <» evaluated in Sector I, of the terms
dj defined by Eq. (20) in Part I.

Equations D5
(1) - 0 and Z)5

(2) = 0 are the frequency equa-
tions for Rayleigh surface waves traveling in a semi-infinite
elastic body, having the mechanical properties of the inner
or outer layer, respectively. The velocity of the Rayleigh
waves vm is always less than the shear wave velocity v2i in a
material. Consequently, if t>2i > #22 the Rayleigh wave fre-
quency line for the outer material is in Sector I, whereas,
the Rayleigh wave frequency line for the inner material may
or may not be in Sector I. Thus for this case equation D5

(1) =
0 has an acceptable solution only if v22 > vRi. Similarly if
t>22 > #21, the Rayleigh wave frequency line for the inner
material is in Sector I whereas that of the outer material may
or may not be in Sector I. Consequently, in this case equa-
tion D5

(2) = 0 has an acceptable solution only if v2i > vR2.
Equation D6 = 0 is the frequency equation for Stoneley

waves at the interface of the two layers. This frequency
equation has been investigated extensively in Refs. 3 and
4. It has been established that it has real roots only for
certain values of the ratio of the densities and stiffnesses of
the two materials.

For the Case Ds(1) = 0, the motion is confined to the inner
layer of the shell and the displacement field decays exponen-
tially from its inner surface. For the case D5

(2) = 0, the mo-
tion is confined in the outer layer of the shell and the dis-
placement field decays exponentially from its outer surface.
For the case D6 = 0, the displacement field decays exponen-
tially, from the interface.

For shells with v^i < v22 Sector II is separated from Sector I
by the line ft = 0(122/f = v2i/v22 < 1). For large values of
f, in this case, the frequency equation Z)3 = 0 reduces in
Sector II to

(9)

(10)

tan (a — 6) ft =

As f -»• oo, this relation reduces to

^2/f = V2\/V22

1J1/2

For this case, the motion is oscillatory in the inner layer and
decays exponentially in the outer layer.

For shells with v2i < v22 for large values of ? the frequency
equation A = 0, reduces in Sector II to the product of the
following two determinants

X Z)7 (11)

where Z)5
(2) is the frequency determinant [Eq. (7) ] for Ray-

leigh waves in the material of the outer layer, whereas, D7 is
given by

0 Cl2 Cl8 6*14 0 0

0 C32 #33 C34 0 0

6^71 0 073 Cl4 678 67,10

091 0 (?93 6^94 698 69,10

6lO,l 0 O10,3 O10.4 610,8 010,10

12,1 0 Cl2,3 O12.4 6l2,8 6*12,10
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Fig. 3 Cutoff frequencies as functions of the stiffness
ratio.

where dj are the limits as f -> oo y evaluated in Sector II, of
the terms dj denned by Eq. (20) in Part I. It can be shown
that in the limit as f -*• oo t the frequency equation (12) yields

1&2/S = v2i/v22 (13)
For this case the motion is oscillatory in the inner layer and
decays exponentially in the outer layer.

For shells with v2i > v22 it can be shown that as f -* oo the
frequency equation D3 = 0 reduces in Sector II to

1 (14)
For this case, the motion is oscillatory in the outer layer and
increases exponentially with the radius in the inner layer.

For shells with v2i > v22 the frequency equation DI = 0 re-
duces for large values of f to the product of two determinants

= D1 X (15)
D5

(1) is the frequency determinant for Rayleigh waves in the
material of the inner layer [Eq. (7) ] whereas D7 is defined
by Eq. (13). In the limit as f -^ oo the frequency equation
Di = 0 reduces to

ivr = i (i6)
For this case, the motion is oscillatory in the outer layer, and
increases exponentially in the inner layer.

Thus, it may be concluded that for very large axial wave
numbers, the phase velocity of the nonaxisymmetric waves
approaches asymptotically the same limiting values as those
of the axisymmetric waves. For shells with ^22 > v2i, the
phase velocity of the first mode approaches asymptotically
the Rayleigh velocity in the inner layer; if in addition t;2i >
vR2, the phase velocity of the second mode approaches asymp-
totically that of the Rayleigh waves in the outer layer,
whereas for shells with v2i < vR2 the phase velocity of the
second mode may approach that of the Stoneley waves if the
physical properties of the two materials are such that a
Stoneley wave can be sustained at their interface; otherwise,
the phase velocity of the second mode will approach that of



602 A. E. ARMENAKAS AIAA JOURNAL

Longitudinal shear and
plane strain coincide

Longitudinal shear and
plane strain coincide

Fig. 4 Cutoff frequencies as functions of the density ratio.

shear waves in the material of the inner layer. The phase
velocity of the third mode will approach that of the shear
waves in the material of the inner layer except possibly for
shells with v2i > VRZ. In this case, it may approach the
phase velocity of the Stoneley waves if such waves can be
sustained at the interface of the two materials. The phase
velocity of all higher modes will approach asymptotically
that of the shear waves in the material of the inner layer.
An analogous situation exists for shells with t>2i > z>22.

LEGEND
PLANE STRAIN

— —— LONGITUDINAL SHEAR
V, =1/1*03 n»1O -~*-

U«I.O H«I.O
-Longitudinal shear and

plane strain coincide

Longitudinal shear and
plane strain coincide

Fig. 6 Variation of the cutoff frequencies as functions of
the thickness ratio.

Discussion of the Numerical Results
The frequency equation has been evaluated for n = 0,1

for shells having geometries specified by h^/R = 0.2; /&2 being
the thickness of the outer layer, R being the radius of the cen-
ter line to the outer layer. In Part I, it was established that
when the motion is independent of the axial coordinate (/i2/
L = 0), the thickness shear modes (ur — UQ = 0) and the
plane strain modes (ux = 0) exist uncoupled.5 Moreover,
in the case of axisymmetric motion independent of the axial
coordinate (n = 0, h2/L = 0), the radial and tangential modes
also exist uncoupled.

The effect of the stiffness ratio (M = /xi/M2) and the density
ratio (p = Pi/p2) on the cutoff frequency of the first six modes
is illustrated in Figs. 2 and 3 and 4 and 5, respectively. The
graphs of QI vs /A or p illustrate the influence on the frequency
of the stiffness or density of the outer layer, whereas the graphs
of Q2 vs M or p illustrate the influence on the frequency of the
stiffness or density of the inner layer* As anticipated, £22 in-
creases as /i increases, and decreases as p increases, whereas
Oi decreases as n increases, and increases as p increases.
This effect is more pronounced in higher modes.

Fig. 5 Cutoff frequencies as a function of the density
ratio.

Fig. 7 Variation of the cutoff frequencies as functions of
the thickness ratio.
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Fig. 8 Shape of the first axisymmetric nontorsional mode.

The effect of the geometry of the shell on the cutoff fre-
quency of the first six modes is illustrated in Figs. 6-7, wherein
the frequency 122 is plotted as a function of the thickness ratio
H = hi/h2. In these graphs, H = 0 denotes a shell of one
material, with thickness h%, whereas higher values of H indi-
cate a composite shell with the thickness of its inner layer
increasing as H increases until when H = 4.5, a composite
rod is denoted. As H increases, both the mass of the shell
and its structural rigidity increase. An increase of the mass
will tend to decrease the frequency, whereas an increase of
the rigidity will tend to increase it. Thus, the frequency
will increase or decrease with H, depending upon whether
the effect of the increase of the rigidity, or the effect of the in-
crease of mass is more predominant. At infinite axial wave-
length, the first axisymmetric mode with nonzero frequency
is a breathing mode, involving radial motion (UB = ux = 0).
The frequency of this mode increases monotonically with H.
This implies that the frequency of this mode is affected more
by the increase of the rigidity of the shell than by the in-
crease of its mass. The cutoff frequency of the next axisym-
metric, radial mode, however, decreases as H increases, ex-
cept for large values of H. The cutoff frequency of the
other modes in shells having small values of H decreases
abruptly as H increases. However, for higher values of
H the cutoff frequency decreases at a slower rate as H in-
creases.

For very large axial wavelengths, (h2/L < 0.05) the first
axisymmetric nontorsional mode involves predominantly
uniform extension (Fig. 8). However, as the wavelength de-
creases, the radial component of motion increases. For short
axial wavelengths, the phase velocity of the first axisym-

Rayleigh wave in material
of outer shell -

metric nontorsional mode and the first flexural mode (n = 1)
approaches, for shells made of one material, the phase ve-
locity of Rayleigh waves in the material. The displacement
decreases exponentially from the outer surface of the shell.
For short axial wavelengths, the phase velocity of the first
axisymmetric nontorsional mode and of the first flexural
mode (n = 1) approaches, for composite shells with /* = 1,
p = 2, the phase velocity of Rayleigh waves in the material
of the inner shell (Figs. 9, 10), and for composite shells with
ju = 2, p — 1 the phase velocity of Rayleigh waves in the
material of the outer shell (Figs. 11, 12). The motion is
predominantly radial concentrated in the inner layer in the
case of shells with ju = 1, p = 2, and in the outer layer in the
case of shells with p, — 2, p = 1.

For shells made of one material, the first torsional mode is
nondispersive with a phase velocity £22/f. For composite
shells, however, this mode is slightly dispersive. For short
axial wavelengths, its phase velocity approaches, for shells
with /A = 1, p = 2, the velocity of shear waves (ft = 0) in
the material of the inner shell, whereas, for shells with fj, = 2,
p = 1, it approaches the velocity of shear waves (ft = 0) in
the material of the outer shell.

At infinite wavelength, the second axisymmetric nontor-
sional mode involves radial motion, constant along the
thickness of the shell (breathing). As the wavelength de-
creases, the motion becomes less uniform and has both
radial and extensional components. For very short axial
wavelengths, for shells made of one material the phase ve-
locity of the second mode approaches that of Rayleigh
waves. For composite shells with /z = 1, p — 2 and /* = 2,
p = 1, the phase velocity of the second mode approaches the
least shear wave velocity in the two materials. For com-
posite shells with /* = 1, p = 2, the motion is concentrated

Rayleigh wave in material
of outer shell -

IVI H»I.O -^=0.2

p-1.0 p*2.0

Z/,"Z/2"0.3

Fig. 9 Frequency spectrum of axisymmetric modes. Fig. 10 Frequency spectrum of flexural (n — 1) modes.
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Fig. 12 Frequency spectrum of flexural (n, = 1) modes.

Fig. 11 Frequency spectrum of axisymmetric modes.
longitudinal and radial components of displacement. For
very short wavelengths, the motion becomes predominantly

in the inner layer, whereas, for shells with ju = 2, p = 1, radial, concentrated for shells with M = 2, p = 1, in the
the motion is concentrated in the outer layer (Fig. 13). outer layer, and, for shells with JJL = 1, p = 2, in the inner

At infinite wavelength, the third axisymmetric nontorsional layer (Fig. 14).
mode involves simple thickness shear motion with one nodal The frequency lines of the third and higher modes, ap-
cylinder. At finite wavelengths, the motion involves both parently, pair one torsional and one nontorsional mode, and
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Fig. 13 Shape of the second axisymmetric nontorsional mode.
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Fig. 14 Shape of the third axisymmetric nontorsional mode.
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for short axial wavelengths become parallel to the sector line
(Pi = 0) with the least slope. For shells with /i = 1, p = 2,
the frequency lines of the third and fourth axisymmetric
nontorsional modes become parallel to the frequency line of
the Rayleigh waves in the material of the outer shell, prior
to becoming parallel to the sector line /32 = 0 (Fig. 9), whereas,
in the case of shells with p = 2, p — 1, they become parallel
to the frequency line of the Rayleigh waves in the material
of the inner shell prior to becoming parallel to the sector line
ft = o.

The frequency lines of the fourth, fifth and sixth torsional
modes and the fifth and sixth nontorsional modes for shells
with jit = 1, p = 2, become parallel to the sector line /32 = 0
before, for higher values of f not included in the figures, be-
coming parallel to the sector line ft. = 0. Analogous be-
havior is observed for shells with /x = 2, p = 1.

The behavior of the frequency lines of the flexural modes
(n > 1,) is similar to that of the axisymmetric modes, except
that they do not exhibit the tendency of becoming parallel
to the sector line A = 0, with the greatest slope. For n = 1,
for large axial wavelengths the first mode is essentially a uni-
form translation of the entire cross section, the second mode
involves essentially longitudinal shear motion, whereas the
third mode is associated with predominantly radial motion

(breathing). The three lowest flexural modes are those con-
tained in the bending shell theories, wherein the radial
component of the displacement is assumed constant across
the thickness of the shell and the tangential and axial com-
ponents are assumed to vary linearly with the thickness
coordinate.
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A Study of the Buckling of Laminated Composite Plates
T. P. RICHER* AND J. F. MANDELLJ

Case Western Reserve University, Cleveland, Ohio

Buckling loads are determined for approximately square, simply supported plates of the fol-
lowing materials: aluminum, steel, glass fiber reinforced composites and graphite fiber rein-
forced composites. The plates are subjected to a uniformly distributed compressive edge load
in one direction only. Buckling loads are determined from experimental load vs trans-
verse displacement data using a South well Plot. Analytical buckling loads for elastically
balanced plates are determined from classical plate theory. For plates with bending-mem-
brane coupling effects, the reduced flexural stiffness method is utilized to find eigenvalue upper
bounds. The effectiveness and consequences of using the reduced flexural stiffness method are
examined.

Nomenclature
0,6 = planform dimensions of the plate
A,B,D = element matrices of the constitutive equation
A *,B *, D * = element matrices of the partial inverse form of the

constituitive equations
(e) = vector of strain components (ex,ey,exy)
(K) — vector of curvature components (Kx,Ky,Kxz)
Li,L2,L3,L4 = differential operators
m,n = buckling wave numbers
(M) = vector of mement resultants (Mx,My,Mxy)
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(N)
P
u,v,w
V

n

vector of force resultants (Nx,Ny,Nxy)
total axial load
displacements
strain energy of deformation
coordinate variables
maximum transverse displacement
orientation of the fibers in a single ply referenced to the

x axis (Fig. 1)
generalized potential function
airy stress function

Subscripts
cr = critical or buckling value
o = prebuckling
, = differentiation with respect to the variables which

follow the comma

Superscripts
V^N = quantities associated with buckling
— = quantities imposed at the boundaries


